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Abstract 

We study the dilaton-dependence of the effective action for A = 1, SU (Ai) x SU (A 2 ) 
models with one generation of vectorlike matter transforming in the fundamental of both 
groups. We treat in detail the confining and Coulomb phases of these models writing 
explicit expressions in many cases for the effective superpotential. We can do so for the 
Wilson superpotentials of the Coulomb phase when A 2 = 2, Ai = 2,4. In these cases 
the Coulomb phase involves a single U{1) gauge multiplet, for which we exhibit the gauge 
coupling in terms of the modulus of an elliptic curve. The SU (4) x SU (2) model reproduces 
the weak-coupling limits in a nontrivial way. In the confining phase of all of these models, 
the dilaton superpotential has a runaway form, but in the Coulomb phase the dilaton 
enjoys fiat directions. Had we used the standard moduli-space variables: TrAI^, k = 
I, • • •, A 2 , with At the quark condensate matrix, to parameterize the fiat directions instead 
of the eigenvalues of AI, we would find physically unacceptable behaviour, illustrating the 
importance to correctly identify the moduli. 


1. Introduction 


Great strides have been recently made in the nnderstanding of nonpertnrbative effects 
in snpersymmetric held theories [1] [2] [3] [4]: Seiberg and other workers have developed 
methods that allow ns to write the exact form of the low-energy snperpotential for many 
snpersymmetric gange theories. Using these methods, we explore the vacna and low- 
energy limit in a class of = 1 snpersymmetric gange theories with gange gronp G = 
SU{Ni) X SU{N2). 

We start by adding onr motivations for the stndy of snpersymmetric gange theories 
with prodnct gange gronps to those already given in ref. [5]. The strongest reason for 
their stndy is based on the following two observations. First, prodnct gange gronps are 
nbiqnitons in ‘realistic’ applications, inclnding low-energy string models [6]. Second, their 
low-energy properties tnrn ont to be interestingly different from those of snpersymmetric 
theories involving simple gange gronps. 

A featnre of these models which is of particnlar interest to ns is the dilaton dynamics 
which they predict. That is, in string theory the dilaton conples to low-energy gange 
bosons in the following way: 
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( 1 ) 


where ■ -J denotes the chiral snpersymmetric invariant, Wr is the gange-kinetic chiral 
spinor snpermnltiplet, and the S^s are related to the dilaton snperheld, S, by the well- 
known relation 


Sr = kr S. 


( 2 ) 


Here the kr are the Kac-Moody levels of the corresponding gange-gronp factors. Modnli 
dependence dne to threshold effects, or extra contribntions to Sr dne to nonpertnrbative 
string dynamics can also be considered. 

The low-energy scalar potential for the dilaton is important becanse eq. (1) implies 
the vacnnm valnes of the scalar components, of the snperhelds Sr, play the role of the 
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low-energy gauge coupling, being related to these couplings and the vacuum angles, 
©r, by: 


1 iOr 

Moreover, within string theory general nonrenormalization theorems imply that the dilaton 
scalar potential is not generated in perturbation theory, and so its determination is a 
strong-coupling problem. 

Some generic, and troubling, features of the low-energy dilaton superpotential, bb(S'), 
in four-dimensional supersymmetric string vacua have emerged over the past decade and a 
half of study. After elimination of other low-energy helds, these superpotentials typically 
have the form [7]: 

= (4) 

k 

where and are numbers which depend on the model considered, with Ufc generally 
positive.^ Such a superpotential implies a scalar potential with a runaway minimum, at 
Re s —cx). 

In fact, the existence of this kind of runaway solution appears to be model independent, 
as may be seen from eq. (3). Since the dilaton plays the role of the gauge coupling, and since 
flat space with zero coupling is a well-known string vacuum, the scalar potential for the 
low-energy modes of four-dimensional string solutions generally lead to scalar potentials for 
which the dilaton is driven towards zero coupling: Re s —cxd [9]. Such runaway behaviour 
follows quite generally so long as these models are continuous in the zero-coupling limit. 

(It is this last continuity assumption which is evaded in the models of ref. [8].) 

The low-energy dilaton dynamics which we hud for the product groups explored here 
is as follows. The models exhibit several phases, and the low-energy degrees of freedom 
which arise depend on which phase is involved. The models typically exhibit a conhning 
phase, for which the nonabelian gauge dynamics are conhned, with a gap between the 
strongly-coupled ground state and its low-energy excitations. In this phase we hud eq. (4) 

^ A class of models for which some of the are negative have recently been constructed in ref. [8], using 

nonabelian gauge groups which are not asymptotically-free. 
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applies, leading to the usual dilaton runaway. 

There is also another, Coulomb, phase which involves massless degrees of freedom, and 
in this phase we hud a low-energy (Wilson) superpotential having flat directions for the 
dilaton held, even after the strong-coupling effects are included. This phase therefore differs 
from eq. (4) inasmuch as the dilaton is not driven to inhnity by strong-interaction effects. 
What value its v.e.v. ultimately takes cannot be determined without more information, in 
particular as to how supersymmetry is ultimately spontaneously broken. 

The models we consider have gauge group G = SU (W) x SU{N 2 ), with Ni > N 2 > 2. 
We choose matter which transforms only in the fundamental representation of both of the 
factors of the gauge group, R = (Ni,N 2 ) © (Ni,N 2 ). Although the inclusion of held- 
dependent gauge couplings for product gauge groups is not novel in itself, earlier workers 
have not done so for matter held carrying charges for more than one factor of a product 
gauge group [10] [11]. Models having the gauge group G = SU{Ni) x SU{N 2 ) have also 
been examined by other authors [3] [5] [12] [13] [14] [15], although with a matter content 
which dihers from what we consider here. The special case where Ni = N 2 = 2 is also 
analyzed in ref. [16]. 

We present our results in the following way. §2 starts with the construction of the 
ehective superpotential for the factor-group models we wish to explore. After presenting 
some preliminaries, we state the general symmetries and limiting behaviour which guide 
the determination of the model’s effective superpotential. Because their low-energy be¬ 
haviour differs dramatically, we consider separately the cases where the mass of the quark 
supermultiplets is zero (the Coulomb phase) and nonzero (the conhning phase). 

We explore our hrst application of the general results in §3, where we solve in explicit 
detail for the superpotential and gauge coupling function of a simple illustrative model, 
consisting of one generation of matter transforming as a ( 2 , 2 ) © ( 2 , 2 ) of the gauge group 
SU(2) X SU(2). We argue that the Coulomb phase of this model has a low-energy super¬ 
potential which is completely dilaton-independent, evading the problem of the runaway 
dilaton by making the dilaton a bona fide flat direction, even after the inclusion of non- 
perturbative quantum effects. Our results for this particular model reproduce those of 


4 



ref. [16]. 


Next, §4 presents another simple model, consisting of one generation of matter trans¬ 
forming as a (4, 2) © (4, 2) of the gange gronp SU{A) x SU(2). The weak-conpling limit 
of this model has interesting complications becanse its low-energy spectrnm changes fnn- 
damentally in the limit of vanishing SU{4) conpling. We are led in a different way to a 
similar conclnsion as for the model of §3: to a low-energy snperpotential with directions 
along which the dilaton can vary withont breaking snpersymmetry, and so with no cost in 
energy. We also present ansatze for the gange-conpling fnnctions for the Conlomb phases 
of the models of §3 and §4. 

Finally, §5 briefly snmmarizes onr conclnsions. 

2. SU{Ni) X SU{N 2 ) Models 

We now collect resnlts which apply generally to models having gange gronp SU (W) x 
SU{N 2 ), with one generation of matter helds: 

Qaae(Ni,N 2 ) and Q““e(Ni,N 2 ). (5) 

We nse here a,b,c,... as the gange indices of SU (W), and a, /3, 7 ,... as those of SU{N 2 ). 
We may take, withont loss of generality, Ni > N 2 > 2. Finally, we assnme the microscopic 
snperpotential to involve only a qnark mass term: 

w{Q,Q) = m QaaQ"""^. (6) 

Except for the special case Ni = N 2 = 3, this is the only term possible which is both 
renormalizable and gange invariant. 

Onr goal is to constrnct the effective snperpotential and, where relevant, the effective 
gange conplings of this model. We do so following what have become standard methods, 
and those readers interested in the applications to the SU ( 2 ) x SU ( 2 ) and SU (4) x SU ( 2 ) 
models can proceed directly to §3 and §4. Onr notation and the details of onr procednre 
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follow those of ref. [18], (see also [17] ) and we also temporarily maintain the hction that 
the qnantities Sr are independent helds, with the connection to the single dilaton held, S, 
throngh eq. (2), deferred to the hnal expressions. 

2.1) The Semiclassical Spectrum 


We start by sketching the low-energy phases which are indicated semiclassically, di¬ 
rectly nsing the microscopic degrees of freedom. These are determined by examining the 
minima of the classical scalar potential. 


V 



2 

+ 





2 

A' 


( 7 ) 


where T’aa = (dw/dQac'j , = (^dw/dQ^^^^ , and = Q^T^QT Q^T^Q. Here Qaa 

and represent the scalar components of the snperhelds Qaa and <5““, while and 
Ta represent the generators of the gange gronp acting on these helds. Finally, w represents 
the microscopic snperpotential, given by eq. (6). 

Clearly the scalar potential dihers qnalitatively according to whether or not the qnark 
masses satisfy m = 0, since if this is trne the snperpotential w identically vanishes. We 
therefore present the semiclassical analysis separately for these two cases. 

• The Coulomb Phase (m = 0^.- 

Consider hrst the case m = 0, for which the microscopic snperpotential vanishes. 
In this case the classical scalar potential vanishes along any scalar held conhgnration for 
which the vanish. These conditions dehne the following D-hai {D^) directions: 


/Vi 

\ 



pi 

\ 

0 ■ 

VN2 

■■ 0 

and 

gaa _ 

0 ■ 

VN2 

■■ 0 

V 0 ■ 

■■ 0 ) 



U ■ 

■■ 0 / 


(8) 
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provided the nonzero coefficients satisfy Vi — v*, for each i = These held 

conhgnrations do not break snpersymmetry, bnt for generic valnes the gange gronp is 
broken down to a snbgronp, H. Three cases arise, each having a different H: 

1. If A^i = N 2 the nnbroken snbgronp is simply H = [ 17 (l)]^ 2 -i^ where each of the U{1) 
factors is in a diagonal snbgronp of the two gange-gronp factors. 

2. If = N 2 + 1 the nnbroken snbgronp becomes H = [ 17 ( 1 )]^ 2 ^ where the additional 
17(1) factor corresponds to phase rotations of the bottom row of and Qaa- 

3. If > A ^2 + 2 the nnbroken snbgronp is H = SU{Ni — N 2 ) x [ 17 (l)]-^ 2 -i_ 

For special valnes of Vi and Vi the nnbroken semiclassical symmetry gronp can be 
larger than this. 

We are therefore led, semiclassically for m = 0, to a Conlomb phase in which the 
low-energy theory is snpersymmetric, containing several 17(1) gange mnltiplets, pins a 
nnmber of matter mnltiplets which parameterize the potential’s directions. ^ (Any 
nonabelian factors of the gange gronp are expected to conhne, and so to drop ont of the 
very-low-energy sector.) 

The nnmber of complex helds reqnired to parameterize these semiclassical flat direc¬ 
tions [19], [20] is the total nnmber of complex scalar helds, S = 2iVi-A2, less the nnmber of 
broken generators of the gange gronp, B = dim (G/H). The snperpotential of the Wilson 
action for these low-energy degrees of freedom therefore reqnires T> = S — B matter helds 
as its argnments, describing these directions. 

For each of the three cases for H considered above we therefore hnd: 

1. If Ni = N 2 then H = [17(1)]^^“^, so the semiclassical low-energy spectrnm contains 
{N 2 — 1) 17(1) gange snpermnltiplets and V = 2iV| — [2(iV| — 1) — {N 2 — 1)] = A ^2 + 1 
directions. 


2. If Ni = N 2 + 1 then H = [17(1)]^^, so the semiclassical low-energy spectrnm contains 
N 2 U (1) gange mnltiplets and V = 2 {N 2 + 1 )N 2 — ^(iV 2 + 1)^ ~ ^"^2 — 1) — -A 2 

N 2 + 1 D'^ directions. 


We thank Eric Poppitz for identifying an error in our previous treatment of the directions. 
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3. If A^i > A ^2 + 2 then H = SU{Ni — N 2 ) x [U, so the semiclassical low- 
energy spectrnm contains {N 2 — 1) t^(l) gange snpermnltiplets and V = 2 A^iA ^2 — 

{Nf — 1) + (iV| — 1) — ^(-^1 — -^ 2 )^ ~ ~ ~ — N 2 directions. As men¬ 

tioned earlier, the nonabelian SU{Ni — N 2 ) gange mnltiplet is expected to conhne and 
so to deconple from the low-energy theory. 

• The Confining Phase (m 0): If m 7 ^ 0, then the degeneracy along the directions is 
directly lifted, even semiclassically, by the microscopic snperpotential, eq. ( 6 ), indicating 
that the sqnark helds vanish in the vacnnm. In this case the semiclassical massless spectrnm 
therefore consists of a nonabelian SU{Ni) x SU{N 2 ) snpersymmetric gange mnltiplet, with 
no massless matter mnltiplets. Keeping in mind that the gange mnltiplets are expected 
to conhne, we therefore expect in this case a gapped low-energy theory with no massless 
states. 

In the following sections we explore these two phases in considerably more detail. 

2.2) Which Effective Superpotential? 

There are two kinds of snperpotentials which are nsefnl for exploring the vacnnm and 
low-energy properties of these (and other) snpersymmetric gange theories. On the one hand 
there is the snperpotential for the ‘exact qnantnm effective action’, which generates the 
irredncible correlation fnnctions of the theory. The argnments of this snperpotential can 
be chosen to be any helds whose correlations are to be stndied. The other snperpotential 
is that for the ‘Wilson’ action which describes the dynamics of the theory’s low-energy 
modes. 

For the present pnrposes the following properties of these snperpotentials are the most 
important:^ 

• (1) Locality: Becanse the Wilson action receives no contribntions from massless states, 
it is gnaranteed to be a local qnantity. This property is crncial, since it nnderlies the 

o 

See ref. [18] for more details concerning the definitions and differences between these snperpotentials within 
the context of supersymmetric gauge theories. 
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holomorphy of the superpotential which determines the vacuum properties [1]. The same 
need not be true for the quantum action if the system involves massless degrees of freedom. 

• (2) Linearity: As is proven in [18], if the arguments of the quantum action are taken to 
include the variables 


M = and [/, = (Tr , r = l ,2 (9) 

then the dehnitions imply the conjugate quantities, m and S'r, can appear in the superpo¬ 
tential only through the terms mM and qXlr SrUr- 

• (3) Equivalence: For systems having no massless degrees of freedom, it can happen that 
the quantum action coincides with the Wilson action if their arguments are chosen to be 
the same helds. This is because both are local due to the absence of massless states, and 
the symmetries of the problem may then uniquely determine the form of the result. 

Which of these actions is relevant depends on the question of physical interest, and on 
which of the theory’s phases is under consideration. For example, for the Coulomb phase 
(m = 0) it is the effective superpotential and gauge-coupling function for ‘the’ Wilson 
action governing the dynamics of the massless modes which we construct. (The word 
‘the’ appears in quotations here because in reality there is potentially a different Wilson 
action for each vacuum of the model.) For the conhning phase, on the other hand, it is 
the superpotential for both the Wilson and quantum effective actions which we compute. 
Both are local because of the absence of gapless modes, and the symmetries of the model 
force them to be identical when evaluated for appropriately chosen held conhgurations. 

2.3) Global Symmetries 

In order to determine the form of the superpotential of the effective theories we take 
advantage of the global symmetry group which the model enjoys when m = 0. (This would 
also be a symmetry when m 7 ^ 0, provided we also transform m appropriately.) For generic 
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values of A^i and N 2 , this symmetry group is 11 ^(1) x X [/«(!), defined by: 






^iPA—iPs+^i, 


PnlSqaa ^^ipR0^ ^ 


Wr{e) (e^^^e) , 


( 10 ) 


where Pa, Pb and P^ are the transformation parameters. 

The effective superpotential is constructed by requiring it to realize these symmetries 
in the same way as does the microscopic theory. For instance, if the arguments of the 
superpotential are the variables M and Ur of eq. (9), then the action of the global symmetry 
follows from eqs. (9) and (10): 


M{e) Ur{e) . ( 11 ) 


The anomaly-free symmetry, [/^(l), must simply be a symmetry of W{Ur, Sr, M). For 
the anomalous Ua{1) x 17^(1) transformations, however, IF must reflect the microscopic 
theory’s property that shifts of the Sr are required to cancel the anomalies. Since the 
various symmetries have separate anomalies with each of the gauge group factors — all 
mixed anomalies vanish which involve both gauge groups simultaneously — independent 
shifts are required for each of the superfields Sr- These are possible so long as these fields 
are regarded as being independent of one another. 

The upshot is that the effective action must be invariant with respect to the anomalous 
symmetries, provided that eq. (11) is supplemented by an appropriate transformation law 
for Sr- The required transformation is simply formulated in terms of the fields Lr = 
exp[—dTr^iSj.], for which: 

L^(6') ^ , with ^ T(7^^Qx(7^D• (12) 

i 

Here X = A, R distinguishes the two anomalous symmetries, and is a sum over the 
gauge representations, of all of the left-handed spin-half fields of the model. QxiRp) 
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denotes the quantum number of these helds under the anomalous symmetry X = A, R. 
T{TZ\) is dehned in terms of the trace of the gauge generators in the representation of 
interest, via Tr 7 ?,r-= T{7V) dab- We use the standard convention for which the gauge 
generators are normalized so that T(F) = ^ in the fundamental representation, and so then 
T{A) = Nc for the adjoint representation of SU{Nc). For instance, when evaluated for 
supersymmetric QCD (SQCD) with Nf quark flavours, the quarks give 
while for the gauginos we have T{A) = Nc- 

For the product model of interest the coefficients appearing in eq. (12), become: 


A 


1 

A 


A 


1 

H 




iV2, 
N2 
3 ’ 




w, 



(13) 


Before determining the implications for the effective superpotential of these transfor¬ 
mation rules, we pause in passing to record the discrete subgroup of UaW x h^«(l) which 
is anomaly-free. This is most simply determined by requiring that the vacuum angle. 
Or, for each of the gauge-group factors to become shifted by an integer multiple of 27r. 
Keeping in mind the relationship, (3), between the scalar part of the Sr and the gauge 
couplings, gr and the vacuum angle. Or we see that it is the held which has argument 
0^.. The anomaly-free discrete symmetry subgroup is therefore dehned by the conditions: 

g27i-in,, £ 2 ^ where ni and n 2 are integers. Requiring eqs. (12) and (13) to have this 
ehect implies the following solutions for the allowed transformation parameters: 

_ (JVi -iiVj) nj - (iVj m 

2r 2(Vf-V|) ’ 

^ _ iVi ni - X 2 n2 
27r“ 2{Nl-Nl) ■ 

This same result can also be obtained by counting the zero modes appearing in nonzero 
instanton amplitudes. 
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2.4) Limiting Cases 


Besides being constrained by these symmetries, the effective qnantnm action and 
Wilson action of the model are also snbject to bonndary conditions, as the parameters si, 
S 2 and m take varions special valnes. This section ontlines these bonndary conditions. 

• (I) m ^ oo: In the limit of large m the qnark supermnltiplets of the microscopic theory 
mnst deconple, leaving the theory of the pnre gange snpermnltiplet for the gange gronp 
SU{Ni) X SU{N 2 ), with no matter. The snperpotential for the qnantnm effective action 
for this theory is well known, being simply the snm of the result for each of the separate 
gauge factors. 

• (II) Re S2 — > oo: When the gauge coupling of the SU{N2) factor is taken to zero we 
are left with supersymmetric QCD (SQCD), with W == colours and Nf = N 2 flavours. 
The global symmetry group (for m = 0) in this case is larger than for finite S 2 because 
the absence of SU{N 2 ) gauge interactions implies we are free to rotate the fields Qaa and 
Qaa independently of one another. The flavour symmetry therefore in this limit becomes 
Gf = SU{N2) X ^(iVs) X U^{1) X UM X 

• (III) Re Si —cx).- When the gauge coupling of the SU (W) factor is taken to zero we again 
have SQCD, this time with W = -^2 colours and Nf = Ni flavours. The global symmetry 
group (for m = 0) in this case is therefore Gf = SU{Ni) x SU{Ni) x 11^(1) x Ub{1) x 17r(1). 

In the special case N 2 = 2 there is a still larger global flavour symmetry because the 
gauge representations 2 and 2 are equivalent to one another. In this case the flavour group 
becomes Gf = SU{2Ni) x U^{1) x t/«(l). 

2.5) The Effective Superpotential in the Confining Phase 

Consider first the confining phase (m 7 ^ 0) for which we wish to compute the super¬ 
potential for the effective quantum action. For simplicity we consider as arguments for 
this action simply the variables M and Ur of eq. (9). Our goal is to demonstrate that the 
runaway dilaton snperpotential is generic for the confining phase of the product models. 
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The global U{1) symmetries, together with the exact linearity requirement that Sr 
appear only in the term ^J^r^rSr, and the quark mass appear only through the term 
mM, determine the superpotential to have the following form: 




327r2 

r=l 

1 


jja-r ]\^br 


+ 4^"®" 327r2 


ailog 
U 2 


r 


+ w {Ui, U2) + mM 


Ui 


+ bi log 


©1 


(15) 


U 2 

a 2 log ( — ) + 62 log 
1^2 


fM' 

Ui 


+ w {Ui, U2) + mM. 


Here the function w{x,y) which appears in eq. (15) is completely arbitrary, subject only 
to the symmetry requirement that it be homogeneous of degree one, be.: w{Xx,Xy) = 
Xw{x,y). The freedom to redehne the dimensionful constants, has been used to absorb 
constants which could have appeared additively in each of the square brackets. 

The constants ar and br are determined by requiring 11^"' M^^/L‘^ to be invariant 
with respect to the abelian global symmetries. For an SU{Ni) x SU{N 2 ) model with 
one generation of nonchiral matter in the fundamental representation of both gauge-group 
factors this implies: 


ai = —a 2 = — N 2 , bi = N 2 , and 62 = (16) 


Finally, the otherwise undetermined function, w{x,y), may be hxed by requiring W 
to reduce to the result for two decoupled pure gauge theories, with no matter: 


VFdec = t( UlSi + U2S2 ) + 


327r2 


Ui 




NiUilog(-^ +iV 2 t/ 2 log ^ 


U2 


^2 


(17) 


in the decoupling limit, where the quark mass, m, goes to inhnity. In this way one hnds 


the result: w{x,y) — — 
full superpotential to be written: 

W = — (^iSi -\-1/282'^ + mM -|- 

(D- 


N 2 X \og{N 2 + Niy/x) + Niy \og{Ni + N 2 X/y) 


, allowing the 


U 2 


327r2 


N 2 log 


Ui 

327r2 

iVilog 


iVilog 

■ y.'i 
N2Ui+N^U2 


^] - N 2 log 


N2U1 + N^U2 

Mill 


M 112 


(18) 
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It is instructive to write out the condition which is obtained if this expression is 
extremized with respect to M. So long as M 7 ^ 0, the condition dW/dM = 0 implies 

mM + ^ {N 2 U 1 + iViUs) = 0, (19) 

which may be recognized as the Konishi anomaly. This anomaly follows automatically 
from the effective superpotential as a consequence of supersymmetry and our imposition 
of the anomalous U{1) symmetries. 

Using eq. (19) to eliminate M gives,^ by construction, the decoupled expression, 

N2/N1 

eq. (17), up to an additive constant. The scales fXr are given by /rf = /uf 327r^em//Ui , 

with jl 2 given by a similar expression with 1 2. (e = 2.7... here represents the base of 

the natural logarithms.) Varying with respect to Ur, for the conhning phase we therefore 
quite generally hud the extremal value: 

^- 8 n^Sr/Nr^ ^ 20 ) 

and so the superpotential for the dilaton has the standard runaway form: 

W(S) = - (Af, t/i + N2 U2) = - (iVi fi\ + N2 fil e-®’'"*" 

( 21 ) 

where eq. ( 2 ) has been used to express Sr in terms of the dilaton S. 

2.6) The Wilson Superpotential for the Coulomb Phase 

We now turn our attention to the Coulomb phase, for which m = 0. Due to the 
presence of massless modes in this phase only the superpotential for the Wilson action is 
guaranteed to be local and to be a holomorphic function of its arguments. We make some 

^ Since W is the superpotential for the quantum action — as opposed to the Wilson action — the correct 
procedure for ‘integrating out’ fields is to remove them by solving their extremal equations, rather than 
by performing their path integral. Furthermore, for supersymmetric theories in the low-energy limit when 
the fields being eliminated do not acquire supersymmetry-breaking v.e.v.’s, this should be done using the 
effective superpotential, W, rather than the effective scalar potential V [21]. 
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remarks concerning the snperpotential for the effective qnantnm action in the Conlomb 
phase in the next section. 

• The Choice of Variables: 

Whereas the argnments of the qnantnm action are onrs to choose, those of the Wilson 
action mnst describe the model’s low-energy degrees of freedom. As snch they can differ 
for differing phases, even within a given model. 

In this section we start by assnming the relevant degrees of freedom to be similar to 
those which describe the model’s low-energy sector for Ni > N 2 , in the limit where the 
SU{N 2 ) gange conpling, § 2 , is taken to zero. In this limit we have SQCD with Nf = 
^2 < with the low-energy physics described by the Nf meson-like variables, 

= QaaQ°‘^- For nonzero (72 we mnst restrict these to be SU{N 2 ) invariant, and so 
restrict onr attention to the eigenvalnes, Ap, p = 1 ,..., N 2 , of the matrix M.a^. 

Notice that, for Ni > N 2 + 2, these N 2 eigenvalnes are precisely what is reqnired 
to parameterize the model’s semiclassical directions even when (72 is nonzero. For the 
cases Ni = N 2 or Ni = N 2 + 1 , there are N 2 -\-l directions, and so another invariant 
is reqnired. For example when Ni = N 2 we may choose this to be the baryonic invariants 


B = Q 


aiQ?! 


■Q 


aN2 ^N2 


^ai---aiV2 ^ai---aiV2 


B = Q 


— /oaiai 


, QaiV2«iV2 


• • •q;7V2 ‘ 


( 22 ) 

These last two qnantities are not both independent, since classically BB may be expressed 
as a fnnction of the Ap’s. 

For fntnre nse, we note in passing that one might choose a different way to express 
the invariants Ap. This is by nsing qnantities: Mp = Tr (AI^) for p = 1,..., A" 2 - 

As we shall see, there are sitnations for which these variables have different physical im¬ 
plications, and so care mnst be nsed when interchanging the variables Ap for Mp. In what 
follows, whenever we mnst choose we nse the eigenvalnes Ap, rather than the variables Mp. 


• Symmetry Constraints for the Wilson Superpotential: 

Finally, notice that the dependence of the Wilson snperpotential on the invariants. 
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Xp, is greatly simplified by considering its befiavionr in the limit when S2 ^ oo, becanse 
of the enhanced fiavonr symmetry which emerges in this limit. 

Consider first the case > N 2 + 2. In this case invariance of the Wilson action with 
respect to the global U{1) symmetries implies the resnlt mnst have the form: 

/ r2 

WiSi,S2,Xp) = ^ n{zi,...,Zp), ifNi>N2 + 2 (23) 

\Al ■ ■ ■ A7V2/ 

where O is an arbitrary f un ction of the invariants Zp oc L1L2/ . 

Now if L 2 —0 with L1L2 fixed, then the promotion of the gange SU{N2) symmetry 
to the global fiavonr gronp SU (W) x SU{N2) implies the nnknown fnnction O can depend 
on the Xp only throngh the combination det AI. (For example, for N 2 = 2, can depend 
on Ai and A 2 [or: Mi and M 2 ] only throngh the combination det A1 = A 1 A 2 [or: det AI = 
^ [Ml — M2)].) It follows that agreement with this limit implies eq. (23) can be sharpened 
to involve an nnknown fnnction of only one variable: 

/ 7-2 \1/(N,-N2) 

VF(*Si,^ 2 ,Ap)= n{z), ifNi>N 2 + 2. (24) 

where now O depends only on 2 oc LiL 2 /{det . 

The symmetry conseqnences for the Wilson snperpotential are even more striking for 
the case where Ni = N 2 . In this case the same argnments as those jnst given imply 
that there is no snperpotential at ah which is consistent with ah of the symmetries of the 
problem. This is becanse the qnantnm nnmbers for the fields in this case ensnre that any 
qnantity which is Ua{1) invariant mnst also be 1X^(1) invariant. Bnt this is inconsistent 
for the snperpotential, which mnst be invariant with respect to t/^(l), bnt carry charge 2 
with respect to tf«(l). We conclnde: 

W{Si,S 2 ,Xp,B,B) = 0, ifNi = N 2 . (25) 
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• The Limits Qr —0; 

More information abont the f un ction fl{z) is obtained by examining the limits when 
either of the gange conplings is set to zero. Consider hrst the limit where g 2 , and so 
also L 2 , vanishes, for simplicity restricting onr attention to the case Ni > N 2 + 2. With 
these choices W mnst approach the appropriate limit, W oc for 

SQCD with Nf = N 2 and W = -^1 flavonrs. Agreement with this limit clearly implies 
Ll{z) constant as 2 ; —0. 

Notice, however, that this small-z behavionr for 0(z) implies that W cannot approach 
a similar hnite limit which depends only on detWl and L 2 as Li 0. The nniqne snch 
resnlt consistent with the flavonr symmetries is IT oc (L 2 /(det which 

cannot be obtained if O ~ constant for small The absence of snch a limit as Li —0 is jnst 
as well, however, becanse the microscopic theory in this limit is SQCD with Nf > Nc + 2 
generations, whose low-energy limit is known not to be well-described simply by variables 
oc QQ [1]. We shonld therefore expect a transition to another phase to qnalitatively change 
the low-energy spectrnm when Li is snfhciently small. 


2.7) The Quantum Action for the Coulomb Phase 


In order to better nnderstand the Wilson snperpotential in the Conlomb phase it is 
worth imagining it to have been obtained from a qnantnm effective action by extremizing 
with respect to the gangino helds, Ur^ Althongh this procednre might seem snspect, given 
the possibility for nonlocal contribntions and holomorphy anomalies, these complications 
have been argned in ref. [22] to be irrelevant nnder certain circnmstances. 

Consider, then, the form an effective W mnst take consistent with (i) the model’s 
global symmetries; (n) the limiting behavionr for Sr ^ oo', and {Hi) its linear dependence 
on Sr- Repeating the steps taken when analysing the conhning phase gives in this case the 

^ This procedure is called ‘integrating in’ in the second reference of ref. [1]. 
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following result for W: 


W(Sr,Ur,Ap) 


^(UlSl + U2S2)+ 


+ 


1/2 


327r2 


N2 log 


327r2 

- 

[^ 2 / 


Ni log 
Ni log 



- N2 log 


/N2Ui + NiU2\ 

V(detAl)VA^2^J 


fN2Ui±N^\ 

V(det2W)i/^2^2/ 

(26) 


where detTW = 


An interesting feature of eq. (26) is that it is not equally valid to regard it as depending 
on the two sets of variables Xp and Mp. This may be seen by adding a quark mass term 
— either mMi or m (Ai + ■ ■ ■ + AjVj) — and then eliminating these variables to obtain the 
superpotential for Sr and Ur only. For nonzero m this must reproduce the decoupled form 
of eq. (17). Although eq. (17) is reproduced if the Xp are used as independent variables, 
it is not obtained using the Mp. In fact, there are no solutions at all to dW/dMp = 0, 
because the mass term depends only on Mi, whereas the nonperturbative superpotential 
depends on all the Mp’s only through the combination detAl. (This situation is not 
improved by adding higher order perturbative terms to IF.) Uncritical use of the variables 
Mp, would lead us to conclude mistakenly that supersymmetry is spontaneous broken. 
It is possible to obtain different physical results like this, simply by using two different 
variables, because the change of variables from Xp to Mp is not linear and it happens that 
the Jacobian, d (Ai, • • ■, Xn^) /d (Mi, • • •, M^Vj), vanishes at the solution to the stationary 
condition dWjdXp = 0. 

If we denote by Ur the stationary points of eq. (26) with respect to variations of the 
Ur^ then: 


Ui^' _ KiLl 

{N2U1 + iViUs)^^ “ det M 

Yf ^2 j- 2 

U 2 K2L2 

{N2U1 + NiU2)^^ ~ (detM)^i/Af2’ 


with the constants ki^2 dehned as ki = K2 = 


giV 2 -JVi 


(27) 


Using these expressions the superpotential can be written as: 


IU(^i, ^2, Ap) = IU(Ui, U2, det Af, ^1, ^2) 


(iVi - N2) 

327r2 



(28) 
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so the explicit solution of 17i and U 2 , using (27), gives the desired superpotential as a 
function of Li, L 2 and M. Notice how the result would vanish (as expected) if were to 
equal N 2 . 

It only remains to solve for U 1 and 1 / 2 - To do so we start by incorporating the global 
U{1) symmetries: 


" (= 4 ) 


1/{Ni-N2) 


/l(^), 


U2 = (- 


K2L\ 




1/{N2-Ni) 


V(det j 


f2{z), (29) 


where we sharpen our earlier dehnition, and write z 1 ^ 11^2 TiL 2 /(det 

Moreover, eqs. (27) imply f 2 {z) = so it suffices to solve for 

fi{z). This function is determined by eq. (27) as the solution to the following algebraic 

equation: 

_ 3A z-^/iNi+N2) + iV 2 X = 0, (30) 

where 


Xiz) = Ni 


NZ/{N^-Ni) 2Af2/(Wf-JV|) 


fi{z) 


and 


3 A = iVi 


-N2/{Ni+N2) 


(31) 


Eq. (30) cannot be solved in closed form for arbitrary values of Ni and N 2 , which 
precludes the explicit evaluation of eqs. (28) in the general case. (By contrast, it is an 
interesting advantage of the t/r-dependent superpotential, eq. (26), that it can be found 
explicitly.) We therefore defer further perusal of the solution to the following sections, 
where we focus on simple special cases. In particular, §4 examines in detail the case 
Ni = A and N 2 = 2, for which eq. (30) is cubic, and so may be explicitly solved. 

3. The SU{2) x SU{2) Model 

Let us now specialize to the simple case N\ = N 2 = 2, which is also examined in 
ref. [16]. (Our results in this section essentially reproduce those of this reference.) In 
this case because the representation (2, 2) is pseudoreal, we regard our matter content to 
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be Qiaa £ ( 2 , 2 ), where i = 1, 2 is a flavour index. The classical flavour symmetry of the 
microscopic theory in the absence of quark masses is therefore Gf = SUf(2) x Ua{ 1 ) x U^il) 
(with Ub{G) C SUf{2)). Anomalies break the two U{1) symmetries down to the anomaly- 
free /^-symmetry whose charge for superflelds is R = R—\ A, and so for which R{Qiaa) = 0. 

In this case there are N 2 + 1 = 3 directions, which we may parameterize using the 
symmetric matrix, Mij = QiaaQjbfS The flavour symmetries imply the Wilson su¬ 

perpotential only depends on these variables through the single combination det M. There 
are two independent invariant quantities with respect to the two global U{1) symmetries, 
which we take to be L 1 /L 2 and ^ oc detM/(LiL 2 ). 

3.1) The Confining Phase 


For nonzero quark masses, m, we expect a confining phase and so compute the su¬ 
perpotential for the quantum effective action. The unique such superpotential consistent 
with the symmetries, linearity and which gives a decoupled result for large m is: 


W = 


Ui 

327r2 


log 


det M 

~Af~ 


+ 


U 2 


327r2 


log 


-2 log 
det M 


Ui 


U 1 + U 2 
- 21og 


U 2 


U1 + U2 


-F Tr (mM 


(32) 


where = iR L 2 / ^327r^e2j, defines the RG-invariant scale for each gauge-group factor. 

If eq. (32) is first extremized with respect to Mij, we And the stationary point to be 
{M~^)ij = —327r^ rriij/iUi -|- 1 / 2 ). When this is substituted back into W we obtain the 
usual decoupled result, eq. (17), with Ur given by Ur oc A^ V det m. We obtain in this way 
a runaway dilaton potential, as expected. 

Different information may be extracted from eq. (32) if the Ur are instead elimi¬ 
nated before Mij. The saddle point conditions dW/dUr = 0 imply U1/U2 = ± T 1 /T 2 = 
± Af/A|, together with the ‘quantum constraint’: 


det M 




(33) 
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In the limit in which either Li or L 2 vanish, this constraint rednces to the well-known 
qnantnm constraint of SQCD when = Nf, and it is precisely what is reqnired to 
ensnre the matching of the B and R anomalies in the conhning phase for vacna having 
Mil = M22 = 0 , Mi 2 7 ^ 0 . 

3.2) The Coulomb Phase 

Semiclassically, in the absence of qnark masses the three directions do not get 
lifted, along which the gange gronp SU (2) x SU (2) is broken to an nnbroken, diagonal 
U(l). Fnrthermore, constraint (33) does not apply to this phase, so the massless degrees 
of freedom one infers for the model therefore comprises one U(l) gange snpermnltiplet 
pins the three gange-nentral matter mnltiplets contained in Mij. As is easily verihed, the 
additional gange mnltiplet cancels the contribntions of M 12 to the B and R anomalies, 
thereby ensnring these anomalies continne to match in the Conlomb phase even thongh 
constraint (33) no longer applies there. 

We now constrnct the Wilson action’s snperpotential and gange conpling fnnction for 
these degrees of freedom. Althongh onr resnlts here reprodnce those of ref. [16], we spell 
them ont to facilitate onr presentation of the SU (4) x SU (2) model of the next section. 

1. The Superpotential 

As described in §2 above, becanse of the absence of the qnark mass matrix the Wilson 
snperpotential for the Mij and the dilaton is forced to vanish by the model’s U{T) flavonr 
symmetries: 

W(L„M,,)=0. (34) 


2. The Gauge Coupling Function 

We now tnrn to the conpling fnnction, Ses = — ^t(5'i, S 2 , Mij), for the low-energy U(l) 
gange mnltiplet. Here we normalize r so that its relationship with the effective U{T) gange 
conpling and 0-angle is r = -|- Onr constrnction follows that of ref. [23]. 

To constrnct r, we look for a f un ction having the following properties: 
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• Positivity: Because r appears in the gauge kinetic terms for the U{1) gauge mode of the 
low-energy effective action, its imaginary part must be positive. 


• Duality: r transforms in the standard way under the duality transformations of the low 
energy effective theory: 


At + B 
Ct + D' 


(35) 


together, possibly, with an action on the other moduli, such as Mij. If A, B, C and D are 
arbitrary integers, then the duality group is PSL{2, Z). Otherwise it is a subgroup of this 
group. 


• Global Symmetries: Invariance of the Wilson action with respect to the global flavour 
symmetries of the microscopic model is ensured if r depends on Lj, and Mij only through 
the invariant combinations L 1 /L 2 and ^ = detM/Af A|. 

• Singularities: Like other terms in the Wilson action, r may develop singularities at points 

in the moduli space where otherwise massive states come down and become massless. Here 
we make the key assumption that the singularities of r are: (i) at weak coupling cx)); 
and (ii) at the co nfi nement points — ^ = (A^ ± A|)^/Af A| — and nowhere else. 

(Notice satisfy the identity = 4.) The singularities at these points are argued in 

ref. [16] to be due to the masslessness there of various monopole degrees of freedom whose 
condensation is responsible for the onset of conhnement. 

For later purposes we remark that the gaugino condensates, Ur, are also not analytic 
at the singular points ^ = ^±, since they are nonzero in the conhning phase, but vanish 
whenever ^ 7 ^ ^±. 


• The Weak-Coupling Limit: We require, at weak coupling, that the effective coupling, 
5'eff = — fr/dyr approach the bare coupling. Si - 1 - S 2 , corresponding to the unbroken 17(1) 
of the gauge group. 

• Nonsingular jS Function: Finally, we require the (3 function, (3{t) — /diJ?)M,Lr to 

have no poles for Im r 7 ^ 0 . 
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These assumptions (which need not all be independent) are satished by the geometrical 
solution for r which was introduced in ref. [23]. This solution is obtained by taking r to 
be the modulus of the torus which is dehned by a cubic curve, 

y‘^ = a + h X c, (36) 


in the two-dimensional complex plane with parameters a, b, and c given as functions of 
the moduli ^ and L 1 /L 2 . These functions are chosen to ensure that this torus is singular 
only at the assumed points: ^ ^ 00 and ^ = ^±. 

Keeping in mind the identity = 4, a choice which satishes all of the above 

conditions is: 


a = ^(e+ + e-) -e = e- + 2-e, 6 = ^(e+-e-) =1, c = 0. (37) 


The singularities of the resulting torus are determined by the vanishing (or divergence) of 
the discriminant: 


(38) 


A(a, b, c) = 46^ — 0 ? b^ — 18a6c -|- 4a^ c -|- 27c^ 

= (e-e-) (e_+4-e). 

Given such an elliptic curve, the gauge coupling function may be implicitly constructed 
using the standard modular-invariant function j(t), through the relation: 


j{nT) = 


6912(6[(^_^__2)^-3]^ 


A(a, 6, c) 


(e-e-)(e-e--4) 


(39) 


Here n is to be chosen to ensure that 5'eff ^81 + 82 in the weak-coupling (be. large-^) 
limit. 


This choice determines the model’s exact /^-function, dehned by the variation of r 
with fi as the moduli Mij and L^. are held hxed, in a similar way as has been found for 
N = 2 supersymmetric 8U(2) gauge theory [25]. Taking {fx^d/dfx^)M,Lr of both sides of 
eq. (39), and using = —2^, gives: 


(3{t) = 



512 


(e-e- 


2) [(^-^_-2)^-3]M2(e-e--2)^-9] 

(^ - ^-)2 (^ - ^_ - 4)2 nj'{nr) 
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We next list several of the properties of j(r) and which are nsefnl for extract¬ 

ing the properties of the fnnctions t(^) and /3(t). It snffices to specify these within a 
fnndamental domain, F, obtained by identifying points in the npper-half r-plane nnder 
the action of PSL{2, Z). (We choose for F the interior, and part of the bonndary, of the 
standard strip, dehned by Im r > 0, |Re t| < ^ and |r| > 1.) In fact, j(r) fnrnishes a 
one-to-one map from F to the complex Reimann sphere [24], The properties of interest 
are: 


• Poles and Zeroes: The positions of all of the poles and zeroes oijij) and j'ij) are known. 
Neither j(r) nor j^(t) have any singnlarities for hnite r within F. j{T) has a triple zero 
at the edges of F, when r = (pins PSL{2, Z) transformations of this point), and so 
j'ir) also has a donble zero here, j'ir) has an additional zero at r = f, since near this 
point j{T) = 1728 + 0[{t — f)^]. 

• Asymptopia: As r —> ioo, jij) has the following behavionr: 




-+ 744 + 196884 Q-t-C>(Q 
Q 


where q = It follows that j'ir) = —2'n'ijq + ■ ■ ■ in the same limit. 


(41) 


Using these properties it is straightforward to verify the following properties: 

• Unphysical Poles: Notice hrst that the zeroes of j'ir) in the denominator of eq. (40) are 
cancelled by zeroes of its nnmerator, leaving a well-behaved expression as nr and 

nr —> i. 


• Fixing n = 2: To hx n we examine the weak-conpling (large-^) limit in more detail. 
Combining eqs. (39) and (41) we hnd j(nr) = l/q"^ + ■ ■ ■ = 256 ^^ + ■ ■ ■. This is consistent 
with Seff = Si + S 2 + ■ ■ ■ (and so g oc ^“^) only if n = 2. (Notice this agrees with ref. [16], 
once their normalization tiq = 0eff/7r + STri/g'^n = 2 t is taken into acconnt.) 

• The Perturbative f3-function: Given the choice n = 2, we may read off the weak-conpling 
limit of the /3-fnnction dehned by eq. (40). Since eq. (39) implies ^ ~ 1/ ("4 q^\ for r —tcx). 
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we see that in the same limit eq. (40) becomes: 

P(r) = -- + 0{q). (42) 

TT 

The constant term in this expression corresponds to a one-loop resnlt. Higher-loop con- 
tribntions to (3 wonld be proportional to powers of 1/r and so are seen to be zero, in 
agreement with standard nonrenormalization resnlts. The snbleading terms in eq. (42) are 
0 {q) and so express instanton contribntions to the conpling-constant rnnning. 

The one-loop contribntion to eq. (42) is to be compared with the general one-loop 
renormalization-gronp rnnning of the gange conplings. The standard one-loop expression 
is: 

+ logfc). (43) 

g\^') g\g) 127 r L 2 j j 

where IZi denotes the gange representation for the model’s left-handed spin-half particles 
and TZq is the gange representation for its complex scalar helds. (As before A represents 
the adjoint representation, as is appropriate for the spin-one particles.) Since the scale g 
of eq. (42) represents a scale in the macroscopic, low-energy theory, it plays the role taken 
by g (rather than g') in eq. (43). Specializing now to the microscopic SU{Ni) x SU{N 2 ) 
snpersymmetric gange theory gives: 

2 ^ _N2-3 Ni ^ d /47r\ _ Ni - SiVs 

^ \gl) 47r ’ ^ dg‘^ \gl) 47r 

Adding eqs. (44) to one another, gives the one-loop contribntion: 



/ 5 (^) 


i 


(iVl+iV2), 


(45) 


which clearly agrees with eq. (42) once specialized to the special case A^i = N 2 = 2. 


3.3) Dilaton Dependence 

The low-energy dilaton dynamics is inferred by now re-expressing Si and S 2 in terms 
of S. If ki = k 2 = k, as is nsnally the case, this implies Li = L 2 = L = exp [—An'^kS]. 
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With this choice we see that the conhning points of the space of moduli become ^_ = 0 
and = 4. 

The vanishing of the Wilson superpotential in the Coulomb phase for this (and any 
other Ni = N 2 ) model makes the low-energy dilaton dynamics particularly simple. All 
that remains is to perform the path integration over the remaining massless degrees of 
freedom. On performing these integrations, for any globally supersymmetric model the flat 
directions of the Wilson superpotential also become flat directions of the exact quantum 
superpotential, so long as the dynamics of the massless modes does not spontaneously 
break supersymmetry. Since such supersymmetry breaking is forbidden to all orders in 
perturbation theory, and is protected nonperturbatively by supersymmetric index theorems 
[26], it is extremely unlikely in this model. We therefore expect the exact superpotential for 
S to remain precisely flat. Unfortunately, less may be said about the shape of the dilaton 
superpotential away from the flat directions. This is because this shape can depend on the 
(unknown) Kahler potential of the low-energy theory, or on its (calculable) gauge coupling 
function. 


4. The SU{4) x SU{2) Model 


Let us now consider the case Ni = 4, N 2 — 2, which is the simplest example of the 
class of models for which Ni > N 2 + 2. In this case there are N 2 = 2 directions, 
which we may parameterize using the invariant eigenvalues, Ai and A 2 , of the two-by-two 
matrix, = QaaQ^'^■ As discussed in previous sections, the Wilson superpotential 

only depends on these two variables through a single combination, which we denote by 
M = {\ 1 \ 2 f. 

The analysis of the conhning phase for this model proceeds just as for the general 
case, as described in §2. We therefore focus here on the Coulomb phase of the model. 

The invariant quantity with respect to the global U{1) symmetries in this case is 
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z Li L 2 /M^, and expressions (29) and (31) become: 


Ui 


U 2 


( v^i L 

V M 
( m2 




\^/K 2 L■, 


/l(^) 

f 2 {z) 



t^iLl \ 
L 2 J 

f ^iLf 
L 2 


1/3 

X(z), 

\ 1/3 

J ^^(z). 


(46) 


The anomaly-free discrete discrete symmetry, eq. (14), is in this case the gronp Z 4 x 
Z 4 C t/^(l) X 17^(1), where: 


271 “ 4 ’ 


and 


_ 3/ch 
27r~ 4 ’ 


(47) 


where /c^ and are integers. The action of this discrete symmetry on the helds Ur, Lr 
and M therefore is: 


Ur e‘’‘“ Ur, Ap ^ e"*'' Ap, Li ^ ^i„(2k^+k„) 

(48) 

Clearly vacna for which Ur and Ap are nonzero mnst come in 4-dimensional Z 4 x Z 4 
mnltiplets which differ by an overall sign change for the Ap and the Ur- 

4.1) Monodromy 

For this example the snperpotential can be explicitly fonnd, since the algebraic eqna- 
tion, eq (30), determining X either implies Af = 0 or Af is the solntion to the cnbic: 

As:2-3^X + 2 = 0, (49) 

where ^ and 3A = 4“^/^. The explicit solntions of this eqnation can be written 

in terms of the qnantities 

= -1± (50) 
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with the three solutions given by: 


Xn = X{^;Pr,)=PnT++plT_ (51) 

with pn being the three roots of unity, pn — n = 0,1, 2. 

We next establish that the three roots of this cubic equation can be related to one 
another by simultaneously shifting the two vacuum angles, 0r, through 47r radians (which 
is not a, Z^x Z 4 ^ transformation). We do so by showing that such a shift can be interpreted 
as a monodromy transformation about the branch point the solutions have at = 0, or 
= oo. 

Consider therefore performing the simultaneous shift 0^ —0r + dyr for both of the 
vacuum angles. Under such a shift the argument of Lr shifts by 27r, but ^ oc (LiL 2 )“^/^ 
acquires the phase: ^ where u — g2vi-j/3_ This is an invariance of the equation 

dehning X^ eq. (49), provided that Xn also transforms by X^ uP'Xn' ■, since this ensures 
uj cancels in both X^ and ^X. (Inspection of eq. (46) shows it also leaves Ur unchanged 
because the transformation (Lf/L 2 )^/^ —uj {L \/cancels the transformation of W.) 

This shift may be regarded as a monodromy transformation since it takes ^ 
thereby circling the branch point in the complex ^ plane once. We now compute its action 
on X^. From eq. (50) we see = T^(^), so if we dehne the branch of the cube 

root so that T± then we hnd the monodromy transformation: 

XiuC;Pn)=co^ XiC;pl). (52) 


4.2) Extremizing With Respect to M 


Substituting any of these solutions back into the superpotential gives, once we use 
equations (28), (29) and (49): 


VFn(^i,^2,Ai,A2) 


1 / kiL 


1/3 


647 r 2 [4^12) 


(53) 
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for n = 0 , 1 , 2 . 

1 

Eq. (53) defines the superpotential as a function of M = (AiA 2 )^. Although Ai and 
A 2 cannot be separately determined, the extremal condition for M is: 


dw^ _ fdWA fdxA /an 

dM \dX^) \ ) [^dMj ’ 


(54) 


where 


( dWA ^ _ J_ ( ^iLj \ .. _ ^3^ 

van; V4n;^2; ^ ’ 


an 

an 

a/ 

dM 


an 


2 (^i! - 1 ) ’ 

A 


(55) 


{y/KiK2LlL2y/^ 

These conditions do not vanish for finite / and X^, so we are led to examine the 
asymptotic behaviour for large /. This limit also permits us to explore in detail the weak- 
coupling form for these solutions. We require, then, the large-/ limit of T±, which we 
write: 


T± = u± 




(56) 


Here — ±i. As may be seen from the previous section, or by direct evaluation, Xn = 
PnT+ + PnT- solves eq. (49) only if the phases uj± are related to one another by 
and U- — ia, where a is an arbitrary cube root of unity. (Our phase convention for taking 
the cube root of in the previous section corresponds to the choice a = 1.) 

With these phase choices in mind we obtain the following large-/ form for Ui: 

1/2 


77 ^ ( I 2 ^ yXiMLi 


-y-^+Pu+^-Pn) 




M 


+ ■ ■ ■ , 


(57) 


while U 2 = 


{^ 21^)2 / [mLi) 




• The Limits ( 7 ^, —> 0 Revisited: 

We may now see explicitly how the model ‘chooses’ to take a simple form in the limit 
L 2 0, but not to do so for Li 0. That is, one expects in the limit L 2 0 that U 2 = 0 
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and UI approaches a finite limit which is a fnnction only of M and Li. Naively, one might 
also expect a similar sitnation also as Li 0, where Ui = 0 and U 2 goes to a finite limit 
depending only on L 2 and M. The key observation is that, althongh each of the solntions 
we have obtained for Ur indeed satisfies one of these limits, there is no one vacuum which 
simultaneously satisfies both limits! 

Before exploring its implications, we first establish the validity of this last claim. To 
do so notice that for one of the three possible choices for u± — i.e. for a = — we have 

ojJrPn + ^-pii = 0. With this choice the weak-conpling limit of Ui is determined by the 
snbdominant term of eq. (57), rather than by the leading term. Depending on this choice, 
we therefore find the following two possible weak-conpling forms for Ui and U 2 '- 


Ul =^^iu+Pn + U-pl) 


L-[ 


144 


(W+Pn + W-Pn) 


V ^-^2 

m 2 


1/2 


H- 




(58) 


+ ■■■ 


if {u+p^ + U-pI) ^ 0 , 


or 


Ul 

U 2 


-i{-U+Pr,+U-pl) 
{-iV+Pn+iV-pD^ 




+ 


M 


M4 


H- 


if = 0 , 


(59) 


As advertised, althongh eq. (58) has the expected limiting form as Li —> 0, it predicts 
t/i —cx) in the L 2 —^ 0 limit. Precisely the opposite is trne of eq. (59), for which the 
L 2 ^ 0 limit is as expected, bnt where both Ui and U 2 vanish as Li 0. 

More generally, two branches for Xn have the generic behavionr, eq. (58), and so 
X ~ for large These two branches are interchanged by the monodromy transformation 
discnssed in the previons section. For the third branch the leading asymptotic behavionr 
cancels, leaving eq. (59) (or X ~ for large ^), and this branch is nnchanged by a 
monodromy transformation. 

We can now see how the model chooses eq. (59) as its limiting form, thereby ensnring 
a simple limit L 2 —^ 0. The model chooses eq. (59) once the field M is allowed to relax to 


30 



minimize its energy. This may be seen by retnrning to onr examination of the snperpo- 
tential as a f un ction of M. Inspection of eqs. (54) and (55) shows that the two branches 
for which X ~ for large ^ do not satisfy dW/dM = 0. The branch having the large-^ 
limit X ~ does satisfy dW/dM = 0 as and hence also M, tends to inhnity, dne to 
the vanishing of X in this limit. Being the sole snpersymmetric vacnnm of the three, it is 
therefore the one which is energetically preferred once M is allowed to relax. 

As discnssed earlier, this choice is what is expected microscopically, since the limiting 
theory as L 2 —^ 0 is SQCD with A"c = 4 colonrs and Nf = 2 flavonrs, which is well 
described by semiclassical variables, snch as the Xp we have nsed. In the other limit, 
Li 0, however, the microscopic theory is SQCD with Nc = 2 and Nf = 4. Bnt for 
Nf. = 2 and Nf = 4 the theory is in the ‘conformal window’, whose low-energy limit is 
believed to be controlled by a nontrivial hxed point of the gange conpling. 


4.3) The Gauge Coupling Function 

Jnst like the SU (2) x SU (2) model of §3, the SU (4) x SU (2) model nnder consideration 
has a single nnbroken 17(1) gange mnltiplet in the low-energy sector of its Conlomb phase. 
We now compnte the conpling fnnction, Aefi = — ir/drr for this model. Since the logic 
follows that nsed in §3, we describe here only those featnres which differ from this earlier 
discnssion. 

• Global Symmetries: For the model at hand, the condition of invariance with respect to 
the global flavonr symmetries of the microscopic theory reqnires r to depend only on the 
single invariant qnantity dehned above: w = oc /{L1L2). 

• Singularities: Unlike for the SU{2) x SU(2) model, in the present case we do not have 
a qnantnm constraint which identihes the conhning phase as a particnlar snbmanifold of 
the Conlomb-phase modnli. For small m the shallow directions of the scalar potential in 
the conhning phase are described by the same modnlns, rc, as describes the hat directions 
of the Conlomb phase. 


31 



For this model we therefore instead identify the singnlar points of the fnnction t{w) by 
permitting them only where the gangino condensates, Ur (and hence also the low-energy 
snperpotential, W{w)) become singnlar. Inspection of the explicit solntion, eqs. (51) and 
(50), shows this to occnr when w = 0,w = l or oo. 

• The Weak-Coupling Limit: Identihcation of the nnbroken U{1) within the microscopic 
gange gronp, SU (4) x SU ( 2 ) again implies the weak-conpling bonndary condition: .Seff = 
iSi -|- 5*2 + ■ ■ ■■ 

An elliptic cnrve which has the reqnired singnlarities, and which satishes all of the 
other reqnirements of §3 is given by eq. (36), with 


a = Aw — 2 ^ h = l^ c = 0 , (60) 

for which the discriminant becomes A = 16rc (1 — rc). The corresponding expression for 
the gange conpling fnnction, t{w)^ then is: 


jinr) = 16 


[(4m; - 2)2 - 3]^ 


re (rc — 1) 

Again n = 2 is reqnired to ensnre that -^81 + 82 in the large-w limit. 

Using fj^dw/dfj?' = —hrc, the corresponding /3-fnnction for the model then is: 

(2m; - 1) [(4m; - 2)2 - 3]2 [32m; (m; - 1) - 1] 


(61) 


(3{t) = —96 


w {w — 1)2 nj'inr) 


(62) 


We remark on the following properties: 

• Unphysical Poles: Eq. (62) is well-behaved, with no poles for Im r > 0. 

• Fixing n = 2: The large-w, large-Im r limit of eq. (61) states jinr) ~ l/q'^ + ■■■ = 

+ ■ ■ ■. Consistency with Agfi = S'! -|- 5'2 + ■ ■ ■ reqnires n = 2 , and rc —> 1/ 

• The Perturbative (3-function: With n = 2, the weak-conpling limit of eq. (62) states: 

37 

(3{T) = -- + 0{q), (63) 

TT 
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which agrees with the perturbative nonrenormalization theorems, as well as the one-loop 
beta function of eq. (45) once this is specialized to the case A^i = 4 and N 2 = 2. 


4.4) Dilaton Dependence 

As before, we obtain the dilaton dependence of these results by substituting into them 
the expression, eq. (2), for Sr in terms of S. The usual situation where ki = k 2 = k then 
implies Li = L 2 = L = exp [—47r‘^kS~\. As for the previous example, we expect general 
results for global supersymmetry to preclude spontaneous supersymmetry breaking when 
the massless modes are integrated out, permitting us to analyze the theory’s flat directions 
using only the Wilson superpotential. The resulting low-energy dilaton potential of this 
model is moderately more complicated than for the SU{2) x SU{2) theory. 

Even though the superpotential does not vanish, flat directions along which S varies 
are easy to hnd. Recall that the superpotential, eq. (53), has the generic form: 

W{M, S) = (constant) rj f{^), (64) 

with ^ (X M and rj = {L\/L2)^l‘^ = Here /(^) = (4 — X^)X does not 

satisfy f'{C) =0 any hnite but /(^) is proportional to 1/^ as ^ > cx). 

As discussed previously, this superpotential is extremized by ^ cx), for any value of 
rj. In our previous discussions we imagined ^ being driven to cx by relaxing M with Li 
and L 2 hxed. Now we can do so using both M and S', so long as the combination ^ cx. 
This flat direction is one along which S is free to vary. 

Notice also that the gauge coupling function, r, depends only on ^ and not separately 
on S. As ^ moves to inhnity to minimize the scalar potential, the gauge coupling f un ction 
r(^) is itself driven to vanishing coupling: r — ioo. In this limit the low-energy 17(1) gauge 
interactions have no effect on the dilaton scalar potential. As in our previous example we 
are led to a degenerate, supersymmetric vacuum along which the dilaton is free to vary 
even after strongly-coupled, nonabelian gauge interactions are integrated out. 
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5. Conclusions 


In this paper we have analyzed in some detail the low-energy properties of a class of 
N = 1 snpersymmetric gange theories having gange gronp SU{Ni) x SU{N 2 ) and matter 
content (Ni, N 2 ) © (Ni, Ni), with a particular eye to the dilaton scalar potential which 
these models predict. We have obtained the following results: 

• (1): We have analyzed the phase diagram of these models as functions of the free 
parameters, which are the quark masses, m, as well as the two gauge couplings and vacuum 
angles, gi, § 2 , ©i and 02- For m nonzero we have argued the theory to be in a conhning 
phase, for which low-energy excitations above the conhning ground state are separated 
from zero energy by a nonzero gap. When m is zero there are semiclassical hat directions 
along which the gauge group is generically broken to several U{1) factors. We expect 
a Coulomb phase to exist along these hat directions. At special points along these hat 
directions it is also possible to have larger unbroken gauge symmetries, for which other 
phases are possible. When Ni > N 2 + 2 we expect another phase transition as the SU{Ni) 
gauge coupling, gi, is turned oh and the SU{N 2 ) gauge coupling, g 2 , is turned on. This 
expectation is based on the qualitative change in low-energy degrees of freedom which 
must happen as one moves from supersymmetric QCD with Ni colours and N 2 havours to 
supersymmetric QCD with N 2 colours and Ni havours. 

• (2): We have found the explicit superpotentials, W, for the quantum ehective action, in 
the conhning phase of these models, a result which was previously unknown. In this phase 
this superpotential quite generally has the form, eq. (4), of a sum of exponentials which 
vanish as Re A —cx), once all helds but the dilaton have been eliminated. This phase 
therefore always suhers from the usual runaway-dilaton problem. 

For the SU{2) x SU{2) model in particular, the model’s conhnement phase is subject 
to a nontrivial quantum constraint. We expect the same to be true for the SU(N) x SU(N) 
models more generally. 

• (3): We have stated the symmetry conditions which constrain the superpotential of 
the Wilson action for these models. For SU{N) x SU{N) models this superpotential must 
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vanish identically. For other gange gronps we have shown how this snperpotential is related 
to the roots of an algebraic eqnation, which we cannot solve in the general case. For the 
particnlar case of the SU (4) x SU (2) model, the algebraic eqnation is cnbic, and we hnd its 
solntions in some detail (in the phase whose low-energy spectrnm is described by mesonic 
variables, which applies for snfhciently small g 2 )- 

Althongh the Wilson snperpotentials are in general difhcnlt to explicitly constrnct, 
we propose that the snperpotential fonnd by ‘integrating in’ the gangino helds, Ur, has a 
simple form for the general case. 

• (4): For the SU{2) x SU{2) and 5'17(4) x SU(2) models the Conlomb phase involves a 
single U{1) gange mnltiplet, and we exhibit the gange conpling fnnction for this mnltiplet 
explictly in terms of the modnlns of an elliptic cnrve. Onr resnlt in the SU{2) x SU{2) 
case agrees with those obtained by earlier workers. In both cases onr proposed conpling 
fnnctions pass many nontrivial consistency checks, snch as predicting physically-reasonable 
/9-fnnctions, which are withont singnlarities away from Im r = 0, and which reprodnce the 
known weak conpling limits. The instanton contribntions to this /?-fnnction are absolnte 
predictions of the proposed conpling fnnction. 

• (5): We hnd the dilaton snperpotential for many of these models to have hat directions 
which snrvive the integration over the strongly-conpled nonabelian gange interactions. 
For SU{N) X SU{N) models this is connected to the absence of a low-energy Wilson 
snperpotential. For the SU (4) x SU (2) model the dilaton-dependent hat direction is present 
even thongh the Wilson snperpotential does not identically vanish. 

• (6): In analyzing these models we fonnd that special care is necessary when choosing 
how to parameterize the system’s modnli. In particnlar, when the modnli correspond to 

directions in the semiclassical limit, there are general argnments which permit these 
modnli to be parameterized by holomorphic gange invariants. We have fonnd that not all 
choices for these invariants give the same predictions for the low-energy physics. 

In particnlar, there are two natnral choices for holomorphic gange invariants that are 
constrncted from the ‘meson matrix’ M.a^ — Qaa The most widely-nsed invariants of 
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this sort in the literature are the traces: Mp = Tr(A^P). An alternative choice instead uses 
the eigenvalues, Ap, of Aia.^. The low-energy superpotential, IT, we have encountered in 
this paper differ in their implications, depending on whether they are expressed in terms 
of the Mp or the \p. They differ because the Jacobian of the transformation between these 
two sets of variables is singular along the stationary points of W. We argue that it is the 
Ap which carry the correct physical implications for the analysis of interest in this paper. 

Finally, it may be of interest to recover these results by using various iA-brane and 
M-brane configurations, such as those used in ref. [27], for product group models, and 
those of the related technique of ref. [28]. 
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